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Newton Solution of Inviscid and Viscous Problems

V. Venkatakrishnan*
Analytical Services and Materials, Inc., Hampton, Virginia

The application of Newton iteration to inviscid and viscous airfoil calculations is examined. Spatial discretiza-
tion is performed using upwind differences with split fluxes. The system of linear equations that arises as a result
of linearization in time is solved directly by using either a banded or a sparse matrix solver. In the latter case,
the solver is used in conjunction with the nested dissection strategy, whose implementation for airfoil calcula-
tions is discussed. The boundary conditions are also implemented in a fully implicit manner, thus making
quadratic convergence possible. Complexities such as the ordering of cell nodes and the use of a far-field vortex
to correct freestream for a lifting airfoil are addressed. Various methods to accelerate convergence and improve
computational efficiency while using Newton iteration are discussed. Results are presented for inviscid, tran-
sonic nonlifting and lifting airfoils and also for laminar viscous cases.

Introduction

IN the past, iterative methods have been used with great
success by many researchers to solve the equations govern-

ing inviscid and viscous flows. One of the popular explicit
schemes is the finite-volume scheme of Jameson et al.1 On the
other hand, a number of researchers have used implicit
schemes so as to be able to use large time steps, e.g., Beam and
Warming2 and Thomas and Walters.3 In these schemes, the
large linear system of equations that results from linearization
in time is solved by iterative means, such as the alternating
direction implicit (ADI) or line-by-line Gauss-Seidel. How-
ever, direct solution to this banded system of linear equations
represents Newton's method in the limit of infinitely large
time step. This has not been attempted so far due to large
memory requirements and large operation counts. Since the
advent of large, extremely powerful computers such as the
Cray-2, it appears possible to overcome these limitations. The
purpose of this paper is to assess the practicality of the appli-
cation of Newton's method for airfoil calculations. Such a
solver should be extremely robust, thus enabling one to solve
problems where iterative methods fail or become prohibitively
slow.

Newton's method has been applied recently for potential
flows by Hafez et al.,4 for incompressible two-dimensional
viscous flows by Bender and Khosla,5 and for multielement
airfoil potential calculations by Wigton.6 It is the intent of this
paper to examine the application of Newton's method to solve
the Euler and Navier-Stokes equations for steady-state solu-
tions. The convective and pressure terms are differenced using
a second-order upwind method employing the flux vector
splitting technique of van Leer.7 This technique has been used
for two- and three-dimensional calculations by Anderson et
al.8 and has very good shock-capturing properties. The viscous
terms for the Navier-Stokes equations are discretized using
central differences. The equations then are linearized in time
leading to a delta formulation. The linear system of equations
is solved directly by Gaussian elimination at each time step.
Consistent difference approximations are used on the implicit
and explicit sides of the equations so that quadratic conver-
gence can be obtained.
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Discretization
The equations governing fluid flow are

dt
df fy
dx + dy dx

as;
dy (1)

where w, f, g, R, and S are, respectively, the vector unknown,
convective flux vectors, and viscous flux vectors in the x and
y directions and are given by
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Oyy = 2pVy ~ 2/3 fJi (Ux + Vy)
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8Tqx=~KTx
dTqy = ~KTy

The pressure p is obtained from the equation of state

P = (y-l)p[E-V2(u2 + v2)]

The nondimensionalization here is with respect to the
freestream density, pressure, and viscosity (the factors \/Re
and l/Pr are absorbed in /x and K). The viscosity is taken to be
proportional to the temperature.

Upwind differencing is used for the convective and pressure
terms based on the flux vector splitting method of van Leer7 to
second-order accuracy. This splitting technique has been
found to be very effective in transonic airfoil calculations8 and
represents steady shocks with at most two interior zones. The
inviscid flux/, for example, is split into/+ and/" according
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to the eigenvalues of the Jacobian matrix df/dw and is differ-
enced as

(2)

where 6j and 6^ denote backward and forward difference
operators, respectively. The split fluxes are represented as a
flux balance across a cell,

(3)

where w~ and w+ are obtained by second-order, one-sided
differences as

= 1.5w/,y - 0.5H>/_ (4a)

(4b)

Limiters have not been employed in this work since it has been
found that transonic normal shocks can be captured without
oscillations using the fully one-sided interpolation without
limiting. The viscous terms are discretized using second-order
central differences and the second derivatives are treated con-
servatively as differences across cell interfaces of first-order
derivative terms. The scheme is implemented in generalized
coordinates and the thin-layer form of the Navier-Stokes
equations is used for the viscous calculations.

The system of Eqs. (1) thus can be discretized in space as
shown above. Application of Euler implicit integration and
linearization in time leads to a system of liner equations

&WM = (wn +l ~ wn)u (5)

where_the operator D refers to upwind differencing, the oper-
ator D to central differencing, £ and 17 are the generalized
coordinates, and R is the residual and vanishes at steady state
Equation (5) represents a large linear (banded for a topologi-
cally rectangular computational domain) system of equations
for the vector of unknowns and needs to be solved at each time
step. It represents a modified Newton's method with the term
I/dt acting as a damping term. As dt tends to infinity, one
obtains the standard Newton's method having the property
that the error decays quadratically (for an isolated root of the
equation). The term (dR/dw) dw symbolically represents the
implicit side after linearization and involves the Jacobian ma-
trices of the flux vectors, which can be derived analytically.
For example, consider the linearization of Eq. (3). The term
f+(wr+ y2j) is linearized as

Using Eq. (4a),

lj - 0.561V, _!

where a + (q) stands for the 4 x 4 Jacobian matrix df+(q)/dq.
Similarly, the rest of the terms in Eq. (3) can be linearized. The
Jacobian matrices a + and a " for van Leer's flux vector split-
ting can be systematically derived in generalized coordi-
nates.8'9 For more complicated schemes and for the implemen-
tation of turbulence models, it may difficult or impossible to
carry out the analytical evaluation. In those cases, one can

derive the Jacobians numerically. The latter alternative is very
expensive and should be avoided unless absolutely necessary.
The time-stepping strategy has been described by Mulder and
van Leer.10 At any level, the time step is obtained from

dt = [\\Rn\\2/\\R°\\2]
where \\Rn ||2 is the L2 norm of the residual at the nth iteration
and 6^0 is the initial time step. The typical start-up Courant
number is around 50 and the subsequent time steps increase
rapidly as the steady state is approached. For cases with strong
shocks, it has been found necessary to reduce the start-up
Courant number to lower values.

Boundary Conditions
Fully implicit boundary conditions are incorporated in the

present scheme. On a solid wall, the boundary conditions are
imposed by considering a dummy cell inside the airfoil. The
normal velocity on the airfoil is set equal to zero and zeroth
order extrapolation of pressure onto the airfoil is used as well.
For the viscous case, in addition, the velocity component
tangential to the airfoil surface is set to zero. These conditions
are all implemented in an implicit manner by linearization in
time.

In the far field, assuming a locally one-dimensional flow
normal to the boundary, Riemann invariants are employed.
Assuming that the flow is subsonic in the far field, the two
Riemann invariants are

-i C0

Re =

7-1

7-

where qn is the velocity normal to the boundary and c the
speed of sound. The subscripts 0 and e refer to the freestream
values and values extrapolated from the interior, respectively.
Adding and subtracting these equations, we get relations for
qn and c that can be easily linearized. In addition, entropy and
tangential velocity are specified at inflow and are extrapolated
from the interior at outflow and these are linearized as well.
Thus, for both the wall and far- field boundary conditions, we
obtain a matrix relation

A5we i = 0

where subscript e refers to the dummy cell either in the far
field or in the airfoil and subscript / to the adjacent interior
point. One point to note is that since the far-field boundary
condition is dependent on the direction of the flow, imple-
menting it in a delta form is not correct when a switch in sign
of the normal velocity occurs. Therefore, to account for this
possible change in sign, it is necessary to implement the far-
field boundary condition explicitly after the fully implicit
implementation for the first few cycles.

For a lifting airfoil, it has been shown by Thomas and
Salas11 that modifying the freestream in the far field by a point
vortex representation of the airfoil leads to accurate results.
This enables one to use a far-field boundary only 20 chords
from the airfoil in order to obtain the correct value of the lift.
Implementation of this condition in an implicit manner is
difficult, since the vortex strength is proportional to the lift
coefficient. This leads to a coupling between every point in the
far field and points on the airfoil, thereby destroying the
banded structure. Two ways to circumvent this difficulty are
presented in the next section.

Acceleration Techniques
In this section, various means to accelerate convergence as

well as to improve efficiency in the context of Newton itera-
tion are discussed.
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Mesh Sequencing
The initial condition for airfoil calculations is usually as-

sumed to be freestream condition. Starting with this initial
condition on a fine grid leads to a large plateau in the conver-
gence plot before one can observe quadratic convergence.
Since each matrix inversion is rather expensive, it is necessary
to minimize the number of such inversions, especially on the
fine grid. Therefore, the solution is first obtained on a coarse
grid and then transferred to a finer grid sequentially to estab-
lish a better initial guess on the fine grid. Since the computa-
tional work goes up by a factor of 16 when dimensions are
doubled, the work done on the coarser grids is insignificant in
comparison with that done on the finest grid.

Superconvergence
Superconvergence refers to a technique that enables one to

achieve better than quadratic convergence while using New-
ton's method. It has been shown by Traub (see Ortega and
Rheinboldt,12 p. 315) that one can easily achieve cubic or even
quartic convergence with little extra effort while solving a
system of nonlinear equations by Newton's method. Consider
a system of nonlinear equations,

F(x) = 0

Then, in this modified Newton's method F'(x) is evaluated
only every m steps. The iteration becomes

xk+l=xk.m

This iteration may be considered as a composition of one
Newton step with (m — 1) simplified Newton steps. (A simpli-
fied Newton step uses a frozen value for F ' and can be shown
to have linear convergence.) Note that m = 1 corresponds to
the standard Newton's method, and it can be shown the m =2
leads to cubic convergence, m - 3 to quartic convergence, etc.
A Newton step involves an inversion of the matrix requiring G
(n bw2) operations, whereas a simplified Newton step requires
on 0 (2nbw) operations, where n is the total number of
unknowns and bw is the half-bandwidth. Since the bandwidth
is 0(100), the work involved in the simplified Newton steps is
negligible. This technique again cuts down the number of
inversions of the big matrix.

Ordering of Cells
Figure 1 shows an airfoil with a C-mesh with a particular

ordering of cell nodes. This ordering is denoted as ordering A.
This ordering leads to a fully banded matrix with a half-band-
width for a second-order-accurate scheme of (16* J2 + 3),
where 72 is the number of points in normal direction. This is
solved using a banded matrix solver.

Figure 2 shows another ordering denoted as ordering B.
This ordering is the usual ordering when dealing with a C-
mesh in most iterative codes. Ordering B does not lead to a
banded structure because of coupling between cells on either
side of the wake cut. The matrix on the left side of Eq. (2) is
made up essentially of a banded matrix with a half-bandwidth
of (8V2 + 3) with extraneous entries outside the band. In this
case, the system of equations is solved by splitting the matrix
and using simple Richardson iteration. Let the system of
equations be denoted by

Consider the splitting

Lu=f

L=M + N

(6)

Fig. 1 Ordering A.

Fig. 2 Ordering B.

where M represents the banded part of L and N the entries
outside the band. Then, the system of Eq. (6) is solved in two
steps as

(7a)

(7b)= -Nu(k~V+f, k = 1,2,. ..p

Equation (7a) is solved using a banded solver, and Eq. (7b) is
solved easily since M"1 is known. Provided enough number of
subiterations [Eq. (4b)] are performed, one gets an exact
solution to Eq. (6). The operation count for each of the
subiterations is 6(2nbw)9 and therefore it is necessary to use as
few a number of subiterations as possible. The typical number
of subiterations is around 10.

The advantage of using ordering A is that it is possible to
use the technique of Superconvergence since we have an exact
solution to the system of equations. In conjunction with mesh
sequencing, it is possible to drive the residual to machine zero
in three to five iterations and leads to a robust code. One
drawback of ordering A is that programming is cumbersome,
with a lot of exceptional situations to handle. In the case of
ordering B, however, since the number of subiterations needs
to be kept small, we do not have an exact solution, and hence
the idea of Superconvergence does not help. The computation
time at each time step [Eq. (7 a) + p iterations of Eq. (7b)] goes
down by a factor of three. (The main iteration is four times
faster since the bandwidth is halved.) It is further possible to
freeze the Jacobian matrices after two time steps or so, if we
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do not want to converge to machine zero. Another advantage
of ordering B is that the far-field vortex condition for a lifting
airfoil can be incorporated in the subiterations, which
amounts to a fully implicit implementation of this condition.
While using ordering A, this condition is applied explicitly at
the beginning of computation in every grid in grid sequence
(any explicit application of boundary conditions during New-
ton iteration will slow down convergence).

Nested Dissection Strategy and Sparse Matrix Solvers
The banded solvers employed pose a few problems. One

troublesome feature is the fact that doubling the dimensions
increases the effort by a factor of 16 (the number of unknowns
increases by factor of 4 and the bandwidth by a factor of 2).
Another problem is that certain topological restrictions apply
in order to be able to arrive at a banded matrix. Ordering A,
for example, is mandated for a C-mesh to meet this require-
ment. For other topologies, such as an O-mesh, it is impossi-
ble to devise a similar strategy. There is, of course, the
unattractive alternative of ordering cells in the streamwise
direction, in which case the bandwidth is proportional to the
number of cells around the airfoil. To alleviate these prob-
lems, the nested dissection strategy is implemented. This has
been used by Wigton6 in multielement airfoil calculations. The
algorithm leads to an efficient ordering of cells, such that the
fill-in that occurs during the factorization is minimized. This
leads to substantial savings in computational speed and mem-
ory requirements.13 For instance, the computational effort
increases by a factor of 8 when the dimensions are doubled.
The recursive ordering algorithm is first derived for a rectan-
gular topology and then is extended to handle other topolo-
gies. The ordering is done at the preprocessor stage and takes
up little time. Once the ordering is completed, a sparse matrix
solver such as the YSMP14 is invoked to carry out the factor-
ization. The nested dissection strategy is discussed in the Ap-
pendix. In addition to the advantages mentioned above, the
implementation of the far-field vortex becomes simple, since
the change in the lift coefficient can be included in the order-
ing as an additional unknown.

Results and Discussion
This section presents some representative results of inviscid

and viscous airfoil calculations. A special banded solver was
written for implementation on the Cray-2 that makes use of
local memory. This solver brings in a fixed number of columns
into local memory, performs an LU decomposition, then
modifies the rest of the matrix by bringing in a column at a
time into local memory. This improved the performance by
about 30%. All the inviscid computations were done on a fine
mesh of 160 x 32, generated using a hyperbolic grid genera-
tion technique.

Figures 3a and 3b present, respectively, the pressure profile
and the convergence history for flow over a NACA 0012
airfoil at an angle of attack of 0 deg and freestream Mach
number of 0.8 obtained using ordering A. The convergence
plot shows that quadratic convergence is achieved after only
10 iterations. The kink in the residual history is due to the
movement of the shock. This is a very expensive computation
as it took about 200 s for each inversion on the Cray-2. With
the sparse matrix solver the time to perform the LU decompo-
sition is cut by a factor of two. Figures 4a and 4b present the
results obtained using ordering B and a mesh that is finer near
the airfoil. Here, the Jacobian and, consequently, the LU
decomposition, is frozen after two cycles. About 10 subitera-
tions [Eq. (7b)] are performed at each time step. The solution
is essentially converged. Since the flux vector splitting tech-
nique does not preserve constant total enthalpy, the error in
average total enthalpy in the field at steady state is of the order
of the truncation error and this is observed to reach a constant
value. The shock is captured very well and the result agrees
with previously published results. However, the ordering em-
ployed is not general enough and also, in more general prob-

lems, it is not clear as to when the decomposition may be
completely frozen.

The next set of results pertains to a lifting case. The flow is
over an NACA 0012 at angle of attack of 1.25 deg and a
freestream Mach number of 0.8. Figures 5a and 5b show the
results for this case. Here, mesh sequencing is employed and
four levels of grid are used. The startup CFL number is 100.
The convergence history is shown in Fig. 5b for the fine grid.
The Jacobian and LU decomposition are frozen twice at each
time step, yielding quartic convergence (theoretically). The
nested dissection strategy is used to solve the linear system of
equations. The solution is accurate and the shock on the
bottom surface is captured well too. The solution converges to
machine zero in five iterations (solutions for nonlifting cases
have been obtained in as few as two to three iterations on the
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= 0deg,

finest grid to machine zero). Figure 5c shows the convergence
history for the same case with mesh sequencing when the
decomposition is done at each time step, i.e., no freezing of
the decomposition. This exhibits quadratic convergence and
takes nearly 10 iterations to converge to machine zero. Figure
5d shows the convergence history for the standard Newton's
method without mesh sequencing, starting with the freestream
as the initial guess on a 80 x 16 grid. It is seen to take about
50 iterations to converge and is thus prohibitively expensive.
Thus, the benefits of freezing the Jacobian and mesh sequenc-
ing (or any other good preconditioner) are overwhelming.

Finally, results are presented for a laminar viscous case. The
symmetric problem is studied using a 80 x 32 grid. The case
presented is laminar flow over an NACA 0012 airfoil at a
Reynolds number of 5000 based on the chord. The freestream
Mach number is 0.5. Figures 6a and 6b show, respectively, the
pressure profile and the convergence history. The solution
converges to machine zero in three iterations. In Fig. 6a, we
notice little pressure recovery, indicating that the viscous ef-
fects are dominant. Separation occurs at a distance of 82%
from the trailing edge and reattachment occurs at 13% from
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Fig. 7 Natural ordering for Poisson equation on a rectangle and the
resultant matrix.

the trailing edge. This agrees with previous computation.15

Most important to note, however, is that the viscous case takes
about the same time as the inviscid case, and there is no
apparent effect of Reynolds number on the convergence.

A robust direct solver that uses Newton iteration has been
developed for obtaining steady state solutions of fluid dy-
namic problems. Different techniques to improve efficiency
and convergence in the context of Newton iteration are imple-
mented. In particular, the nested dissection strategy has been
implemented for aerodynamic problems. The time of compu-
tation is thus substantially reduced, but the method is not
competitive with iterative methods for standard inviscid prob-
lems. Given the flurry of activity in the area of algorithms for
the solution of sparse linear systems, there could be substan-
tial gains in efficiency in the near future. On the other hand,
viscous problems may be more suited as a lot of iterative codes
exhibit a deterioration in convergence as the Reynolds number
increases. It is proposed to use Roe's flux-difference splitting
scheme16 for the viscous problems. A semi-iterative technique
wherein the main iteration is solved by LU decomposition
followed by subiterations also has been investigated. Various
ways to accelerate the convergence during subiteration have
been examined. These include the minimum residual method,
the epsilon algorithm, and some others. A turbulence model
needs to be incorporated to do practical viscous problems. The
Jacobians then could be derived numerically. It is clear that if
one used a coarse enough mesh, the direct solvers will fare
better than iterative methods. Therefore, direct solvers can be
used in the multigrid context on coarser meshes. Another
possible application is in the cross planes in three-dimensional
calculations.

Appendix
Some of the basic ideas behind the nested dissection strategy

and its application to aerodynamic problems are presented
below. Consider the solution of Poisson's equation in a rec-
tangle by using central differences. If one were to solve the
resulting linear system of equations by Gaussian elimination
an important issue that arises is the ordering of cells. Figure 7
shows a natural ordering by columns that minimizes the band-
width and the banded matrix that arises as a result. Upon LU
decomposition, the entire region between the bands gets filled
in, even though most of the entries were zero initially. In order
to minimize this fill-in, George and Liu13 have devised the
nested dissection strategy. Central to this strategy is the con-
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Fig. 9 Initial ordering steps for C- and O-meshes.

cept of a separator, which is a set of nodes that divides the
computational domain into nearly equal halves that do not
communicate directly with each other. This leads to segments
of the matrix that remain zero during the factorization. An
example of a separator is the set of nodes numbered 24,23,22,
and 21 in Fig. 8. It is easy to see that the separator need be
onjy one cell wide in this case, since we are dealing with a
three-point stencil in each direction. To get the nested dissec-
tion ordering, we continue dissecting the two remaining com-
ponents, always choosing the separator of the smallest length
and numbering the cells in a descending manner. The final

ordering has the desired property of incurring least fill-in
during the decomposition. Figure 8 shows the ordering for
Poisson's equation and the associated matrix. The separators
are highlighted. The number of operations required to factor
a matrix associated with an n by n grid is Q(n3) and the storage
required is 0(«2log2Ai). The banded solver on the other hand,
requires 0(n4) operations and storage of 0(n3).

Extension of this physically based strategy to aerodynamic
problems is easily achieved. Since we deal with a five-point
stencil in each direction, the separator becomes two cells wide.
Figure 9 shows the initial ordering steps for C and O-meshes.
Separator Si is required as the first separator in each case so
that the domain is divided into simpler regions. It is possible
to use this strategy for zonal meshes well.
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